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Linear Regression

zi = xTi β + εi , xi ∈ IRp , β ∈ IRp , εi ∼ N(0, σ2) ,

z = Xβ + ε I z ∼ N(Xβ, σ2I)

Least squares: β̂LS = (XTX)−1XTz , with

E[β̂LS ] = β ,

V(β̂LS) = σ̂2
LS(XTX)−1 ,

σ̂2
LS =

1

n − p
(z − Xβ̂LS)T(z − Xβ̂LS)
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Standard Conjugate Prior (SCP)

p(β, σ2) = p(β | σ2)p(σ2)

p(β | σ2) ∼ N
(
m(0), σ2M(0)

)
m(0) ∈ IRp, M(0) ∈ IRp×p symm. pos. def.

p(σ2) ∼ IG
(
a(0), b(0)

)
a(0) > 0, b(0) > 0
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Standard Conjugate Prior (SCP)

Updating:

m(1) =
(
M(0)−1

+ XTX
)−1 (

M(0)−1
m(0) + XTz

)
,

M(1) =
(
M(0)−1

+ XTX
)−1

,

a(1) = a(0) +
n

2

b(1) = b(0) +
1

2

(
zTz + m(0)TM(0)−1

m(0) −m(1)TM(1)−1
m(1)

)
.

E[σ2 | z ] =
2a(0) − 2

2a(0) + n − 2
E[σ2] +

n − p

2a(0) + n − 2
σ̂2

LS +
p

2a(0) + n − 2
σ̂2

PDC
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Canonical Construction of Conjugate Priors

If likelihood has linear, canonical exponential family form

f (z | ψ) = a(z) · exp{〈ψ, τ(z)〉 − n · b(ψ)} ,

I a conjugate prior is:

p(ψ) = c(n(0), y (0)) · exp
{

n(0) · [〈ψ, y (0)〉 − b(ψ)]
}

I posterior: y (0) −→ y (1), n(0) −→ n(1), where

n(1) = n(0) + n

y (1) =
n(0)y (0) + τ(z)

n(0) + n
=

n(0)

n(0) + n
y (0) +

n

n(0) + n

1

n
τ(z)
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Canonically Constructed Conjugate Prior (CCCP)

Likelihood z ∼ N(Xβ, σ2I) has indeed linear, canonical exponential
family form

ψ =

(
β
σ2

− 1
σ2

)
, τ(z) =

(
XTz
1
2zTz

)
, b(ψ) =

1

2nσ2
βTXTXβ +

1

2
log(σ2) .

I constructed prior is on ψ = ψ(β, σ2)
I must be transformed, as we want a prior on θ = (β, σ2)T

I. . . I

β | σ2 ∼ Np

(
n (XTX)−1 y

(0)
1︸ ︷︷ ︸

m(0)

, σ2 n

n(0)
(XTX)−1︸ ︷︷ ︸
M(0)

)

σ2 ∼ IG

(
n(0) + p + 2

2︸ ︷︷ ︸
a(0)

, n(0)y
(0)
2 − n(0)

2
y

(0)
1

T
n(XTX)−1y

(0)
1︸ ︷︷ ︸

b(0)

)
.
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Update of β | σ2

E[β | σ2, z ] = m(1) = n(XTX)−1 y
(1)
1

= n(XTX)−1

(
n(0)

n(0) + n
y

(0)
1 +

n

n(0) + n
· 1
n
(XTz)

)
= n(XTX)−1 n(0)

n(0) + n
· 1
n
(XTX)m(0)

+ n(XTX)−1 n

n(0) + n
· 1
n
(XTz)

=
n(0)

n(0) + n
E[β | σ2] +

n

n(0) + n
β̂LS

V(β | σ2, z) = σ2 n

n(1)
(XTX)−1 = σ2 n

n(0) + n
(XTX)−1
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Update of σ2

E[σ2] =
b(0)

a(0) − 1
=

2n(0)

n(0) + p
y

(0)
2 − 1

n(0) + p
m(0)TM(0)−1

m(0) .

E[σ2 | z ] =
n(0) + p

n(0) + n + p
E[σ2] +

n − 1

n(0) + n + p

1

n − 1
zTz

+
1

n(0) + n + p

(
m(0)TM(0)−1

m(0) −m(1)TM(1)−1
m(1)

)
,
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Update of σ2

E[σ2 | z ] =
n(0) + p

n(0) + n + p
E[σ2] +

n − p

n(0) + n + p
σ̂2

LS +
p

n(0) + n + p
σ2

PDC ,

E[σ2 | z ] =
n(0) + p

n(0) + n + p
E[σ2] +

n(0) + p

n(0) + n + p
σ(0)2

+
2(n − p)

n(0) + n + p
σ̂2

LS −
n(1) + p

n(0) + n + p
σ(1)2 .

σ2
PDC =

n

n(0) + n

1

p
(m(0) − β̂LS)TM(0)−1

(m(0) − β̂LS) ,

σ(0)2 =
n(0)

n
· 1

n(0) + p
(z − Xm(0))T(z − Xm(0))

σ(1)2 =
n(1)

n
· 1

n(1) + p
(z − Xm(1))T(z − Xm(1))

all of which satisfy E[ · | σ2] = σ2.
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Update of β

E[β | z ] = E[β | σ2, z ] =
n(0)

n(0) + n
E[β | σ2] +

n

n(0) + n
β̂LS

V(β | z) =
b(1)

a(1) − 1
M(1) = E[σ2 | z ]

n

n(1)
(XTX)−1
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(generalized) iluck-model-calculous

iluck-model:{(
n(1), y (1)

)∣∣∣ n(1) = n(0) + n, y (1) =
n(0)y (0) + τ(x)

n(0) + n
, y (0) ∈ Y(0)

}

generalized iluck-model:{(
n(1), y (1)

)∣∣∣ n(1) = n(0) + n, y (1) =
n(0)y (0) + τ(x)

n(0) + n
, n(0) ∈ N (0), y (0) ∈ Y(0)

}
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First regression lines
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