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Linear Regression

zi=xf+e, x€RP, BeRP, g ~N(0,07),

z=XB+¢ —> 7z~ N(Xg, %)

Least squares: 3.5 = (XX)~ X'z, with

E[BLS] = ﬁ?
V(Brs) = 67s(XX) 71,
o5 = (2~ Xbus) (2 ~ Xhus)
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Standard Conjugate Prior (SCP)

p(B, 0%) = p(B | 0%)p(c?)

p(3 ] %) ~ N (m®, 22M@)
m® e RP, M® € IRP*P symm. pos. def.
p(?) ~ IG (a<°>, b(o)) a® >0, 5 >0
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Standard Conjugate Prior (SCP)

(1) — 50 . "
a a‘’ + 5
pA) — pO) 4 % (sz = m@OTMO L0 m(l)TM(l)*lm(1)> _
E[2‘ ]7 23(0)_2 E[ 2]+ n—p A2 + P A2
TNAT 0 a2 AT 250 1 27 T 250 4 g 27PPC

Linear Regression with Sets of Conjugate Priors 4/12



Canonical Construction of Conjugate Priors

If likelihood has linear, canonical exponential family form

f(z [ ¢) = a(z2) -exp{ (s, 7(2)) — n-b(¥)},

=) a conjugate prior is:
p(e) = ¢(n®, y®) - exp {n® - [(, y®) — b()]}

= posterior: y(©) — y1) 0 — p(1) where

n(l) — n(o) + n
(0),,(0) 0)
OB e G2 N LY O B B
n©) + n n©) 4+ n n© 4+ nn

(2)

y
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Canonically Constructed Conjugate Prior (CCCP)

Likelihood z ~ N(Xf3, o?1) has indeed linear, canonical exponential
family form

Jé] T
0= (2) 0= (J5)  bw) = 5z XK+ Jlog(o?),

= constructed prior is on ¥ = ¥(3,?)
=» must be transformed, as we want a prior on § = (3, 02)

0 n _
,8 | 0_2 ~ Np( (XTX) ( )7 0.2 W(XTX) 1>
m"(o) ——
M©
(0) (0)
Y +p+2 n U _
% ~1G < 7219 , n(o)yéo) - 7}’{0) n(XTX) 1)’1(0)) .
a\(B) b(0)
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Update of 3 | o2

E[3 | 02, 2] = m1) = n(XX) " y{!)

0)
:n(XTX)1< SR .,17(XT2)>

n) 4+ n n) + n
— n(XX) 1n(:)(°jrn %(XTX)m(O)
+ n(XX)~? n(o)”+ ——(X2)
- n«%«i 8107+ P

2 _ T 2 N Ty \—1
V(B |o% z)=0 n(l)(XX) =0 n(0)+n(XX)
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Update of o2

p(0) 2n(0)

2 — — ©__ L o pm@,0
E[U ] 3(0) o 1 n(o) + p)/2 n(O) _'_ p M .
Bl | 2] = P ppe s L,

7 J4+n+p nO +ntpn—1-
_ v (m(O)TM(O) m© _ m(l)TM(l)*lm(l))
n® +n+p ’
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Update of o2

(0) _
2 _ _n+p 2 n=pP s p 2
Elo™ 2] = mﬂﬂ[a ] n© 4 ntp LS Q) +ntp PPC
n® +p ) n® 4 p 2
__TF __TF (9
IE[U | Z] 0) +n+ p]E[ ] n(O) + n+pa
2(n — n® + 2
4 (n—p) 52 p o2

()-‘,—n—|—p Ls_n(o)—|—n—|—p

> . n 1. Ot 0 _ 5
IPDC = (o) T p(m ﬂLs) M (m — fBLs),
(0) 1
@ _ " 1 X ONT (X m©
A p(z Xm'™) (z = Xm'™)
(1) 1
W2_ " X m WY (1)
o= p(z Xm')(z — Xm'Y)

all of which satisfy E[ - | 0] = o2.
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Update of (3

E[3|z] =E[3]| 0 2] = —5——E[8 | 0] + —5——B1s

n
(0) +n n©® + p

\% _ Y MO 2 2 i
(512) = < —M® = E[o? | 2] - (XX)

Linear Regression with Sets of Conjugate Priors 10/12



(generalized) iLUCK-model-calculous

ILUCK-model:

(0),,(0)
1) Y] 51 — 0 ) _ "y 4T (o) (0)
{(n % )’n =n"+n,y) = 2O+ n yynlely

generalized iLUCK-model:

{(,,(n, y(l))

0),,(0
V) = 0 4 p O = W 0 ¢ A0 ,0) ¢ y(o)}
n\%) +n
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First regression lines
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