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What is Probabilistic Parametric Inference (PP1)?

| ={Pr,(¢]0):0€Vy};V, cR™ =parameter space
Pr,(¢|6):B" —[0,1]; direct probability distribution
Pr,(B|0) = IB f,(x|0)d"x, B eB"; continuous distribution

Pr,(D|x); DeB" (D cV,);inverse probability distribution
Pr,(e|x):B" —[0,1] ; a special (degenerate) case of interval

probabilities, P = P (Luo and Zhang, 1997)
Pr, (D |x) = ID f (0]x)d™0, D e B™; continuous distribution

= "
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Who does it?

» Bayesian schools of statistics (as opposed to frequentist schools).

* “In the Bayesian paradigm, it is also possible to make statements
regarding the values of the inferred parameters in the absence of
data and these statements can be summarized by prior distributions.”
(Villegas, 1981)

e e

f,(0) : (non -informative) prior istribution
= fl (0) fl (X[0) = fl (0,x) = fl (X) fl (0]x)
= f,(0]x) = f,(O)F,(x]9) ;(Bayes Theorem)
fi (x)
f,(X) = L f,(0) f, (x|08)d™0; predictive distribution

e
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Why PPI?

Probabilistic inference is an ideal (Paris, 1994, p. 33): under very
general and intuitively appealing assumptions, a system of inference
must be identical (isomorphic) to the probability system (The Dutch Book

Theorem, Cox’s Theorem; recall also M. Goldstein’s talk earlier this
morning).

But:

* Intuitively appealing (acceptable, natural, in accordance with common
sense, perfectly sensible, tempting, meaningful, convincing, justifiable...)
to whom?

* There are arguments for preferring other kinds of inference,

e.g., interval probabilities, Dempster-Shafer belief functions,
truth-functional belief (fuzzy logic), ...
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Why not PPI?

“Each of these theories is based on some system of postulates, and so
long as the postulates forming one particular system do not contradict
each other and are sufficient to construct a theory, this is as legitimate
as any other.” (Neyman, 1937)

T e e

1. Every axiomatic system, be it empirical or non-empirical, must be
consistent: if, within the system of axioms, a conclusion can be
reasoned out in more than one way, then every possible way must
lead to the same result.

2. “In order to make the theory operational, we must introduce a concept
that links mathematics to an external world of measurable
phenomena.” (Stuart and Ord, 1994)

“The most striking achievement of the physical sciences is
prediction.” (Pdlya, 1954, p. 64)

e
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How to determine (assign,...) f,(0) and preserve consistency
of the system (“the quest for the Holy Grail”, Fienberg, 2006)?

“A succession of authors have said that the prior probability is a
mistake and therefore that the principle of inverse probability, which
cannot work without it, is nonsense too.” (Jeffreys, 1961, p. 120)

“During the rapid development of practical statistics in the past few
decades, the theoretical foundations of the subject have been
involved in great obscurity. This obscurity is centred in the so-called
inverse methods. ...The inverse probability is a mistake (perhaps
the only mistake to which the mathematical world has so deeply
commited itself).” (Fisher, 1922)

B

How to make the theory operational?
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1. Basic Definitions and Immediate Consequences:

Each (direct) probability distribution Pr, (e |6) from a parametric family
| ={Pr,(¢|0):6€eV,}is underlain by a probability space (Qq4,Z4,P)
and a Z,-measurable function (®,X):Q, — (6,R"),
A . ={w ey X(w) <x}eZ,;xeR", called random variable, such
that Pr,(e]|0)=Po(0,X) ™.

F (x|0) =Pr, (A, |0);(cumulativ e) distribution function (cdf)

Remark 1. The notion of chance (‘physical randomness’) is avoided
In the definition of random variable.
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Corrolary. Let (©,X) and (A,Y)= (s ©,s X) be continuous random
variables, defined on a probability space (4,24,P), let s be
one-to-one, and let ays‘l(y)‘ >0.

R",B",Pr,(s]0) — ), (R B",Pr,(s]2))
(@):X)\ /(A:Y)
(Q26: %4, P)
Then,
fL.(y V)= flsH () 1s MWIe,s(y)|. (1)

For scalar X and Y we also have

FIs(y) s (W)] ;s'(x)>0

FI‘(yll):{ a 1 ,
1-F[s"(y)[s " (M)];s'(x) <0

R
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Let X = (Y, Z) and f,(z|e)sznl f,(y,z|0)d™y >0.

= f,(y]0,2) = f'f“(” Z|£) . conditiona | probability distribution
Z
|

Consistent definition (Kolmogorov) (Rao, 1993, pp. 25-26, 29-30,
and pp. 51-54).

Borel-Kolmogorov paradox (Kolmogorov, 1933, pp. 44-45; Rao,
1993, pp. 65-66).
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3(Q,,2,,P);
3(0,X):Q, > (R",X),Cge={0eQ, :®(w)<0}eX, ;0eR";
= Pr, (¢ |x) = Po(®, X) " inverse probability distribution

F (0]X) = Pr, (Co.q | X)

I e e~ =

e

Let ® =(©,,0,)and f, (0, |x) Eijl f,(0,,0,|x)d™0, >0.

f, (0,,0,|X)
f, (0, |

= f,(0,]0,,X) = ; conditiona | probability distribution

el ™

Random variables (®, X) and (A,Y) =(s°®,s0 X) ona common
ahg‘l(x)\ > 0.
= (M y) = F 7 M) s W08 V) ®

probability space (€2, ,%, ,P),sone -to- o,

g -t

9/21/2009

L



Proposition 1.

f, (X, X, 18)=1,(x.19) f,(x,]0) (X, and X, 1.i.d.);
F1,(0]%,%,), £,(0]x)),and f,(0]%,);
3 1,(0,%%;), 3 1,(0,X; [%y);

f,(0]x,) :IRnl f,(0,x,]%,)d™x, >0, f, (X, |X,) EIRm f, (0,x,]x,)d™0>0;

f,(0]x)= jRnl f (0,x,]x,)d"™x, >0, f (X,]|x,) = ij f, (0,x,]%x,)d"™0>0;

fO1%,) 1% 16) _ 1,(8]x) T, (X, [6)

— f|(9|X11X2): f
(X [X,) f (X, [%;)

(4)

T e e o
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‘ Remark 2. f,(0,x,|x,)and f, (0,X, |X,)neither purely direct nor purely inverse.

‘ Remark 3. Existence of f,(0) (of f,(0,x))has not been assumed.

Proposition 1(cont'd).
fI (91 |92,X2) f| (Xl |91’92) _ fl (91 |92’X1) fl (X2 |91’92) . (5)

f (6,19,,X,,X,)=
R f (X, [X,) f (X, [%,)

I PR L B 2
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Proposition 2 (Factorization).
a) 1,(0]x,) = = NGO ) 6y~ [ 2(0) 1,0x, 10)d",
17, (%) R

0,) f 0,,0, u
C10,(01) T,(X |9, );77|,92(X1,):,[mlé’""z(el) f (X, 16,,0,)d ™6, .
T, (X,) :

b) f,(0,19,,x,) =

e e

fLO1X) 04 10) _ £iO1x) (e 10) g gy

Proof.
nes el R
FH01%) f0410) i Fi0g1%) _ x(6.%,) _m(x)
10610 100 f0ulx)  xOx) o TG0
x(6,X,) (X, X,)
= k(0,%,) 1, (X;) = x(0,%x) 17, (X;) = x(8,%)7,(x;) =, (0) ]
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Bayes Theorem vs. Proposition 2 (Factorization):
o) = ORKIO ¢ gy SO Fi(x]0).
f, (x) 17,(X)
f, (0) <> £, (6);
Difference: consistrency factor £, (0) not a pdf
(needs not be integrable).

I e e e

£, (0) unique only up to a multiplier x(x):
X6, O 1 (x[0) SO X[
[, 2000 f(x]0)d"0 | £,(0)f,(x|6)d"0

T e e e

Transformation of £, (0) under reparametrization :
50 =& s 0], ()], A =3(0), [, ()] 0.

(6)

B
9/21/2009
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Example 1(Location - scale family) .

Fl(Xlﬂ’O'):q)(X_ﬂ]

-

> X, H€R, o0 €R"”

f.(xm,a)=aXF.(x|ﬂ,a)=§¢(X‘“]

O

¢ (1,0) f(
17 (X1, X;)

é],a(ﬂ)
77|,a(X1)
é],;;(o')
77|,,u(X1)

—

f(u,0|x,%,)= X, X, | t,0) 5 X, X, 1d.,

f(ulo,x)= f (x|, 0),

fi(o|ux)= f (% | u,0).

—

16
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2. Objectivity:

Definition (Objectivity). A probabilistic parametric inference is
called objective, or internally consistent (McCullagh, 1992),
If a particular likelihood function always leads to the same
posterior density function.

Motivation: at the beginning of the inference only the parametric
family is known, and inferences based on identical information
should be the same.

I e

Invariance: Y =1(a,x),A=1(a,0),aeG;
F(Y1A) = F (Y [A);
fi(yIA) = (17 a,y] T a ), 1 (a,y)|.

i - o

—> Relative invariance of £,(9):

£,0) = 2(2)¢,[17(a,0)]/3,1 (a,0) . (7)

9/21/2009
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Example 2 (Invariance of a location-scale family).
I[[(a,b),x]=ax+b
I[(a,b),(1,0)]= (ax+b,a0)

_ (o) = b);.['“ b,"]

a a

} (a,b)eR"xR =G

a2

Proposition 3.
| ={f (x]|0):xeRA0eV, R}, invariant under a scalar Lie group G
= 3s,8: f.(y|)=d(y—p),y=s(x)and z=5(0).

18



Example 3. Every scale parameter ¢ of alocation - scale family |

+

Is reducible to alocation parameter v of alocation - scale family 1 .

5 ={f|~+(z|v,r)=%gz[z_l/] :(v,7) eRxR" }

T

& (u) < exp(u) g[xexp(u)], v=Ino, and z = In[+(x— x)]; X - 2 0

19



Proposition 4.
a) Jobjective f,(x,0|x,%,), fi (1o, x)=|g, (1) =1,

b) Jobjective f,(o | %), f.(1,712,2,), f.(v|7,2) =&, (o) = B
O

c) 3objective f (u,0|x,X%,), fi(a|wx), f-.(v,7]2,2,), fr.(v]|7,2)) =

S(uo)==|

O

9/21/2009
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Different axiomatiza tions :

-Qualitative probabilities (Villegas, 1967,1977,1981) } P ) %1
-Non - unitary probabilities (Hartigan, 1983, pp. 14 and 18) .
-Finite additivity (de Finetti, 1974, pp.119 and 228 - 252)

"Each of them opens its own particular can of worms " (Schervish,1996, p. 20),

e.g.,hon - conglomerability, f, (x) ;éj f, (@) f,(x]|6)do,...(O'Hagan, 1994,
pp.100-102)

The special axiomatiza tions are unnecessar y for the consistency factors.

I e e
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Non - integrable consistency factors (priors) supposedly lead to inconsiste ncies,
such as, for example, the marginaliz ation paradox (Stone and Dawid, 1972)

and the strong inconsiste ncy (Stone, 1976).

The inconsiste ncies stem from applying to the rules outside PPI, and from
wrong conclusions.

P

Example 4 (Stronginconsistency).
| ={f,(X[#) ~N(x,0): peR}, f, (1) =exp{dr},B={(,X) eRxR: p1— x> 2}

Pr, (B 4) = [1—erf{x/2}]/2; Y= Pr, (B | 4) = Pr, (B) e (8P (B).
Pr (B[ x) =[L+erf{~2}]/2; Vx=Pr.(B|X)=Pr.(B)] — o=

BLLt... jB f (1, X)dzedx = f’oo du f, (u)f:dx f, (x| 1) =% = FPr,(B)
= Pr, (B | x),Pr,(B|x) #Pr, (B).

S
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3. Calibration:

Definition (Calibration). f, (0]x),0eR"™, x € R",is calibrated iff
a) for every  €[0,1] there is at least one algorithm to construct
a credible region D(x) € B" whose inverse probability
distribution Pr, (D | x) = » Is equal to the direct probability
distribution (unconditi onal or conditional) of a set B(6) € B",
b)0 e D < x e B holds.

R e

calibrated f, (0, |x) = | . f,(0,,0, |x) d™0, and calibrated

fI(Xn+1 |X1"“’Xn) :I[Rm f|(9|X1,...,Xn) fI(Xn+1|e) dme’Xi E[Rn'

Similarly, we define calibrated f,(6,]6,,x),0,cR™,0, cR™ ,xeR",

L e

9/21/2009
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¢ - (1), & (o), and &, (u,0) coincide withthe elements of the right Haar

measures for the translation group R, for the scale group R", and for the
group R™ xR whose group operationis (a,,b,) (a,,b,) = (a,a,,a,b, +b) =
calibrated f, («| o, %,..., %), f,(c |z, X,....,x. ), and f,(z, 0| X,..., X;);

k >1, j>2(Chang and Villegas, 1986; D[I(a,x)] = I[a, D(X)]).

T

The elements ¢, (), ¢, ,(o),and £, (x,0) of the right Haar measures
also ensure calibrated predictive distributions (on HPD credible sets)

(X [0 %0 %) = IR f(ulo X X)) T (X | 4,0) di,

LI R 770 PR ) :_[R+ f(olwx,....x) T, (X, | #,0)do, and

f, (X, xl,...,x.):jm+ £ (26,0 | Xy X;) £ (X0 | 4, 0) dudo
(Eaton and Sudderth, 2004).
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Example 5. Calibration of f,(x,o |X),x=(X,...,X.),n=>2.

f.(XIu,0)=inH?1¢[Xi_”];

Dl=(—0<>,;ul)><[R+ D, (ul,uz)x[R D, = (14,45,)x(0,0,), D = (14, 1,) x (0, 2),,

0505[5’5)/51 1 052[5’21 52)/

----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

-Rectangles D withsides parallel to the axes 1 and o. o
- The rectangles include bands R x (¢,,5,) and cer -------- * ’

(14,44,) xR™ (set f =y and S =1, respectively).
= f,(u|x) :L+ f, (1,0 |x)do and

f, (o |X) =IR f, (u,0 | x)du also calibrated. Oy @ *
- This propertyis not generally conserved under (1-1) ;[l ;;2—;1

reparametrizations (u,c) — (v, 7).
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Example 6. Behrens - Fisher problem (Behrens, 1929; Fisher, 1935).
fOGY 000 y,0,) = [ T fi O Lo ) TTL L (s 10,
X=X %), Y=(Yps--0n ¥,);NM = 2,

Ix :{fl(x |auxio-x) - N(auxio-x) :(ﬂX,O'X) ERXR+}’

|, ={fi(Y14,0,) ~ N(4,,0,): (4,,0,) eRxR'}.

éll (iux’o-x’fuy’o-y) = (O-x O-y)_1
= f, (1,0, 1,,0,|XY) calibrated on 4 - dim. rectangles

(»ux,l’ »ux,Z) 2 (O-x,l’ O-x,2) X (»uy,l’ »uy,z) X (O-y,l’ O-y,z)

(0,0,) X (041,07, ,) (/uy,l’ /Uy,z) X (O-y,l’ O-y,2)
= f.(5]|x,y) = IR+daXIR+doijdyy f,.(8,0,,4,,0,|%Y)not calibrated.

e
9/21/2009
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4. Interpretation:

viele konkrete Interpretationen zu.” (Kolmogorov, 1933, p. 1.)

“Jede axiomatische (abstrakte) Theorie laldt bekanntlicht unbegrentzt

i I

Direct probability distribution. A necessary condition for a
sequence {x.}.,,x. e R", tobe Pr,(¢|0) -random is

lim n(x. € B)

N—»co

—Pr,(B|0)|< ¢ forevery e >0and B B".

= Probability distribution = (frequency) distribution of {x.}",.

i e
1,x;€B

X} ., X, €R",BeB",Pr,(B|0)=y,{b} b = :
{,}|_1 |€ < I( | ) y{l}l—l I {OXiEB

={x.}.,is Pr,(¢|0)-random iff {b.}.’, is Martin- Lof random
(or typical) withrespect to the Bernoulli measure Ber, for
every B e B" I\/Iart_ig; Lof,1966).

9/21/2009
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Inverse probability distribution. The inferred (true) value
0 of the parameter is unknown, but (often) fixed. What is
distributed s the rational degree of belief that, given
arealization x of X, the true value of 6 is in D(x;).

Still, calibrated inverse distributions are operational because

they provide verifiable predictions:

{X.}_, sampled from Pr, (¢ |6,) - random sequences,

f, (8 |x) calibrated,

D(x;) calibrated credible regions with Pr, (D |x.) = »

n[6; € D(x;)] _
n

= lim

n—»0

< &,

/4

9/21/2009
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“A typical setting occurs when estimating physical quantities
like the speed of light, c. An answer in this particular setting
IS that the limited accuracy of the measurement instruments
implies that the true value of ¢ will never be known, and thus
it is justified to consider ¢ as being uniformly distributed on
[Co-& Cyté], If gis the maximal precision of the measuring
instruments and c, the obtained value.” (Robert, 2001, p. 10)

“Whether or not the difference (between the two interpretations
of probability) is important philosophically, we do not feel it
should make any difference operationally.” (Berger, 1985, pp.
76-77)

T

9/21/2009
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The difference between the two interpretations does make
the difference also operationally.

For example, the inverse and the predictive distributions must
be calibrated in order to be operational.

Caveat against the unreserved use of marginalization; impor-
tant because the marginalization is the principal practical
advantage of the Bayesian approach over other methods

of inference (Gelman et al., 2004, pp. 73-74 ; Robert, 2001,
p. 168 ; Jaynes, 2003, p. xxviii ; Cox and Hinkley, 2000,

pp. 53 and 364-365).

i

9/21/2009
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5. Conclusion and discussion:

« PPl without invoking prior probability distributions.
 The theory is operational, i.e., it provides for verifiable predictions.

« Not assumed that the solution (the objective inverse distribution)
always exists.

* The solutions found for location-scale families (symmetry under
Lie groups,...).

e Other approaches:

e e e e

9/21/2009
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- The Laplace Principle of insufficient reason (Laplace, 1886,
p. XVII), ThePrinciple of maximum entropy (Catlin, 1989,
p.82): contradict Eq. (6).

- Jeffreys'priors (Jeffreys,1946), form invariant priors
(y(a) =1in Eq.(7);Harney, 2003): violate the product rule

f(e,o | X, X)) =T (0|, X, X)) B (e Xg,n e X,), N2 2.

-Fiducial inference (Fisher, 1930), empirical Bayes (Robbins,
1964) : not generally compatible withProposition 2 (Factorization).

-Reference priors (Bernardo, 1979) :inconsiste nt (multiple solutions) .

L T e
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-Subjective Bayes (deFinetti,1974; O'Hagan, 1994) .

"For the subjectivist, f (0), f (x|#),and f (& |x) are all subjective
probability distributions." (O'Hagan, p.13)

"In contrast (to classical, or frequentist, statistician, there is
a unique Bayesian solution to any problem." (O'Hagan, p. 20)
"The Bayesian method requires the posterior distribution to
be derived via Bayes' theorem." (O'Hagan, pp.13 and 20)

The (subjective) posteriror distributions lack operationality
(unless the prior distributions coincide withthe (true frequency)
distributions of the inferred parameters).

9/21/2009
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Probabilistic inference is an ideal (Paris, 1994, p. 33), but ideals
cannot always be reached.

In order to set a theory with general applicability, we would then
have to seek beyond the probabilistic framework (interval
probabilities, belief functions, truth-functions,...).

34
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